
ON THE SPECTRUM OF MAGNETIC FIELD AND SCALAR 

IMPURITY FLUCTUATIONS IN ACOUSTIC TURBULENCE 

S. I .  V a i n s h t e i n  

The fluctuations of a magnetic field in acoustic turbulence are  examined. An equation is 
derived for the spectra l  tensor  of homogeneous magnetic field fluctuations. In a cer ta in  
limit case the spec t rum of s teady-s ta te  pulsations is obtained in the presence  of an external  
source.  It is shown that three kinds of spect ra  exist  in an inert ial  subdomain, each of which 
corresponds  to a definite domain in wave space. Analogous resu l t s  have been obtained for 
the fluctuations of a homogeneous sca lar  impurity.  

Under cer ta in  conditions, weak magnetic field fluctuations will grow with t ime in thep re sence  of acous-  
tic turbulence [1]. If 

where M is the Mach number and R m the magnetic Reynolds number,  then such an instability relat ive to the 
magnetic field will actually occur .  Magnetic field fluctuations will grow until the lmrentz force  ceases  to 
influence the motion substantially,  i.e., when the magnetic p r e s s u r e  is comparable  to the p lasma p re s su re .  
For  such a case it is difficult to obtafn the spect rum of s teady-s ta te  fluctuations because there  is no sui t -  
able small  pa r ame te r  here .  

If S << 1, the fluctuations will damp out in the absence of external  sources .  The case is considered 
herein when there  is an external  source.  

This is apparently the single possibi l i ty of prolonged coexistence of a magnetic field and acoustic 
turbulence since for S >> 1 turbulence ceases  to be acoustic in the long run. The problem of the spec t rum 
of sca lar  impuri ty  fluctuations in acoust ic  turbulence direct ly  adjoins this problem because of the s imi lar i ty  
of the equations for the fluctuations in both problems.  Hence, this question will also be examined below. 

1.  S p e c t r u m  o f  M a g n e t i c  F i e l d  F l u c t u a t i o n s  

1. It is s implest  to ass ign the source as follows: Let us assume tha t there  is a homogeneous magnetic 
field H 0, and the fluctuations are  h << H 0- 

There  are  two possibi l i t ies:  Rm<<l ,  Rm>>l .  G. S. Golitsyn [2] considered the case Rm<<l .  Let 
R m >> 1. The equation for the magnetic field 

OH 
0-5- = rot Iv, H] + vmhH (1ol) 

can be simplified because of the smal lness  of the fluctuations 

ah 
0--/- = rot [v, Ho] + v,~Ah (1.2) 

or  in a Four ie r  representa t ion  
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Oh _ ~ i -  i Ik E_~_ q) (k), Ho]] __ v~k2 h 

Here  V m is the magne t i c  v i s cos i t y ,  and ~a (k)/k is the F o u r i e r  t r a n s f o r m  of the hyd rodynamic  potent ia l .  
Let  us e x p r e s s  h (k, t) in t e r m s  of the initial f ie ld  

t 

h(k,t)=h(k,O)e-Vm~'-t~_ iS e-,%~(,-tdl k k k 
0 (1.3) 

The t ime  of  v a r i a t i o n  of ga (k, t) is (kc) -1, where  e is the speed  of  sound. 

F u r t h e r m o r e ,  le t  us  a s s u m e  that  the ve loc i ty  and magnet ic  f ield f luc tuat ions  a r e  homogeneous ,  and 
m o r e o v e r ,  the ve loc i ty  f luc tua t ions  a r e  i so t rop ie :  

(9 (k, t) 9 .  (k', t ')) = 8 (k - -  k') l (k, I t - r I) 
(h i (k, t) hi* (k', t)) = 5 (k - -  k') T u (k, H 0, t) (1.4) 

Let  us mul t ip ly  (1.3) by the complex  conjugate  and ave rage  the r i g h t  and left s ides  by a s s u m i n g  that  
h (k, 0) is s t a t i s t i ca l ly  independent  of ~ (k, t), whe reupon  we obtain 

Tij (k, Ho, t) = T u (k, H,, 0) e - ~  ~'t 

-~ { ~  (kHo)s q- Ho~Hoik'--(kHe) [Holk, -F Hoik,]} 
I t  

• f f ~P ~ -  2,,.,k,t + n,k"  (t, + t,)] / (k  I t~ - t, I) ,~t, dr, 
00 

(1.5) 

To evalua te  the in t eg ra l  in the r i gh t  s ide  of  (1.5), let  us  p e r f o r m  st i l l  ano ther  F o u r i e r  t r a n s f o r m a t i o n  
o f f ( k ,  t) with r e s p e c t  to the t ime  

~co 

I (k, t) = S d~t]  (k, o)) d~ 
~ e o  

(1.6) 

F u r t h e r  m o r e  

t t +r 
i f 0 X D  [ - - 2 " ~ t l ' k " - ~ " a k 2 ( t ] [ ' J F t f ~ ) ] f ( ] ~ l l t l - - t ' l ) d t l d " ~ ( t - J l - e - ' v l l l l f " )  S J (k, fD) 
0 0  - - - ~  

+f e ir ] do) -- 2e -~'~k~t (k, o) do) (1.7) 
vm2k 4 -t- o)~ 

2. Because  the ini t ia l  f ield is c o n s i d e r e d  u n c o r r e l a t e d  with the ve loc i t i e s ,  it is meaningful  to examine  
(1.5) fo r  t > "1", w h e r e  T is the c o r r e l a t i o n  t ime ,  i .e . ,  the t ime  d u r i n g w h i c h t h e  s y s t e m  s u c c e e d s  in " forge t t ing"  
the init ial  condi t ions .  Since Rm >> 1, the s ingle p a r a m e t e r  govern ing  ,7- wil l  be the c o r r e l a t i o n  t ime  in k -  
space ,  o r  the t ime  of  phonon in te rac t ion .  Let  us take this  ,7- f r o m  [3] 

c 

E (k) k 2 

E (k) = Av~,-'l,k-'l. (A ~ i) 
(1.8) 

Here  E(k) is the power  s p e c t r u m  of the acous t i c  osc i l l a t ions ,  ~ is the ex te rna l  sca le ,  v 2 is the mean  
squa re  ampl i tude;  f o r  k > 1/X the s p e c t r a l  domain  c o r r e s p o n d s  to the iner t ia l .  P r e c i s e l y  in this  domain  does  
E(k) have the f o r m  (1.8), while for  k<  1 / ~  E ( k ) ~ 0 .  

Let  us f i r s t  examine  (1.7) in tha t  domain  of  w a v e  space  where  the r e l a t i on  

"~,( '1 v~- ' / ,  ( 1 .9 )  
vmk~ or l~l, ~ ~ -- kl*h 

is  sa t i s f ied .  
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On the o the r  hand, let  k > I A  (we wil l  be i n t e r e s t ed  in the ine r t i a l  subdomain) .  The inequal i ty  

M R ~  >> I 

should be sa t i s f ied  for  the domain  of i n t e r e s t  1 A  <<k << k 1 to exist .  

Now, let  us  c o n s i d e r  (1.7). Let  us note tha t  for  t>>T 

-~-r 
I J (k, ca) e i~'t -+ aY (k, O) e-,m~,t 

�9 v,~k~ + o~ do) 

An equat ion for  Tij can now be c o m p o s e d :  

+~~176 .r (k, o~) OTij 
at + 2v~k~T~l = 2v,~k%i~ (k, H~ v v,n~k'-I -~ do) 

kik~ (kilo) ~ 
~J = k* -[- H~176 - -  (kH~ [ H~ ~ H~ 

F o r  t ~ o  

T i j  .---> Oil ,Vrn~kr -~ o} 2 
- - o o  

do) 

To eva lua te  (1.12) a p p r o x i m a t e l y  (the exac t  value of J (k ,  co) is unknown), let  us  note  tha t  

t Y( 

M o r e o v e r ,  J(k,  co) has  a sha rp  m a x i m u m  at  co = • ck. Hence,  we r e p r e s e n t  J(k,  Co) as  fol lows:  

(1.10) 

(1.11) 

(1.12) 

] (k, o)) = ] (k, o) e (ck - o)  e (ck t o)) + 1/~/(k, O) [6 (o~ + ck) + 8 ((o - ck)] 

w h e r e  e(x) is a unit  step:  e(x) = 1 for  x > 0  and e(x) = 0 fo r  x -  < 0. Now (1.12) is eva lua ted  as  

- -co  

i (k, o) - 
E (k) 

- -  4~k~ J 

w h e r e  J(k, 0) has  been obta ined in [1] 

(1.13) 

(1.14) 

J ( k , O ) =  uk ~ /3(q,O) dq 

If E(k) has  the f o r m  (1.8), then for  k >  1 A  

A 2 ~  4 
y (k, 0) = ~ k -3 

Since 

~] (k, 0) _ / (k, 0) 

(1.15) 

(1.16) 

in the domain  1 A  < k<  kl, the s t a t i ona ry  s p e c t r a l  t e n s o r  Tij has  the f o r m  

T u = 1/3%vm-lv~c-~Flk-~ 
(1 .17)  
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is 
It is seen f rom (1.17) and (1.11) that the spect rum is essential ly anisotropic.  

r : Ho ~k~ - -  (Hok)' 

The t race  of the tensor  

Integrating Tij with respec t  to the solid angle and multiplying by k 2, we obtain the power spect rum 
of the magnetic pulsations 

F (k) = 8/gA2Ho~n%,-lv~c?~,-lk-a (1.18) 

Hence, it is easy  to evaluate the energy of the magnetic pulsations 

h~ i ~ F(k) dk=Ho2. ~ 
S--~=~-~ 

Since S << 1, then h << H o. 

3. Now, let 

': ~ l/v.,k 2 

i .e. ,  k >kl, but k < CVm -1 . In this domain of the wave space the corre la t ion  between the magnetic field and 
the veloci ty  field is established in the t ime Tl = (vmk2) -1 so that it is neces sa ry  to examine (1.7) for  t > ~1. 
Taking this c i rcumstance  into account, we obtain the s tat ionary spect ra l  tensor  Tij and F(k) 

f J (k, ~) d~ ~ ] (k, o) T i i  ~ ~11 vm2k~ _~_ ea~ St) c~k ~ 
- - o o  

2 ~ E (k) 
F (k) = - ~  H o c2 

(1.19) 

And, finally, for k >Cvm -1 = k 2 

T ~ /(k,o) F(k) 2 ~ E(k) (1.20) 
~ ~ ~ ~ '  = -~- H~ v,~k~ 

This latter spec t rum is the G. S. Golitsyn spec t rum [2]. 

Therefore ,  in the case under consideration,when R m << M -3, there  are  the following possibi l i t ies:  

1) R m <<M; then k 2 <<l/k and for  k > I A  the spect rum (1.20) is established; 

2) M << Rm << M-1 ; then k 2 >> 1/k but k1 << 1 A .  Therefore ,  for 1/k < k < k 2 the function F(k) corresponds  
to (1.19)~ while for k > k 2 the function F(k) cor responds  to (1.20); 

3) M -1 << R m << M-a;then k 2 >>k I >>IA.  Therefore ,  for  1/~ < k< k 1 the spec t rum (1.18) is established, 
for  k 1 < k < k  2 the spec t rum (1.19), and for k > k 2 the spec t rum (1.20). 

Let us turn attention to the following c i rcumstance:  The spect ra  (1.19) and (1.20) will exist  even if 
there  is no interaction between the acoustic osci l lat ions,  if they are  a set of random noises.  Hence (1.19) 
is due to the magnetic field "tracking" the osci l lat ions,  as actually occurs  since the per iod of the osc i l la -  
tions in this spect ra l  domain is considerably less  than the t ime to damp of the field, and (1.20) r ep resen t s  
the fluctuations whose generation (due to the velocities) is canceled by the damping. Just  the spect rum (1.18) 
originates in the presence  of interaction between the oscil lat ions (i.e., turbulence,  in substance) and t h e p a r -  
t ic les  behind which the magnetic field "follows." 

2 .  S p e c t r u m  o f  S c a l a r  I m p u r i t y  F l u c t u a t i o n s  

In this p rob lem let us s tar t  f rom the equation 
0/ 0--i- -~ div vf = ~A~ (2.1) 
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Here  f is the dens i ty  of the s c a l a r  i m p u r i t y  ( t empe ra tu r e ,  say);  ~ is the coef f ic ien t  of  m o l e c u l a r  t e m -  
p e r a t u r e  conduct ion (if it is t e m p e r a t u r e )  o r  an ana logous  t r a n s p o r t  coeff ic ient .  The r o l e  of  R m is p layed  
by the P e c l e t  number  P in this  t heo ry .  Let  us a s s u m e  that  P > > l ,  but 

S~ = M s P  ~ i (2.2) 

Condit ion (2.2) is n e c e s s a r y  for  the f luc tuat ions  to be s m a l l  

/ = / o + h ,  /0=const, f i ~ / o  

(fl are  the fluctuations) 

The foundat ion of this  a s s e r t i o n  wil l  be g iven below. Using the s m a l l n e s s  o f f 1 ,  let  us  s impl i fy  (2.1) 

O/~ (2.3) 
0~- + / 0  div v = ~A/1 

o r  in the F o u r i e r  r e p r e s e n t a t i o n  

0/1 (k, t) 
Ot -b ~ t k ' / ( k ,  t) : --  i]okq~ (k, t) 

t 

fl (k, t) = / (k, O) e -~u -- i /ok Ie-~ k' (t-t,) (p (k, t , )  d t  1 

0 

(2.4) 

(2.5) 

Furthermore, assuming 

(/~ (k, t)/1" (k', t)> = 5 (k --  k') r (k, t) (2.6) 

we obtain  an equa t ion  fo r  T by us ing the s a m e  method  as  fo r  the magne t ic  f ie lds :  

OT (k, t) f ] (k, o) (2.7) 
Ot q- 2~tk~T (k,  t) ~ 2~k*/o~ . p~k" + o~ d o  

As t ~ oo the fol lowing s t a t i o n a r y  s p e c t r u m  is buil t  up: 

~-oo 

T --> k~/o ~ I J (k, ~o) 1~ 2k4 + ~2" do) (2.8) 

Upon compl i ance  with the condit ion MP >> 1, t h r e e  sec t ions  of the s p e c t r u m  a r e  built  up exac t ly  as  fo r  
the magne t ic  f luc tua t ions .  The so le  d i f fe rence  is tha t  the s p e c t r a l  funct ion T is independent  of  the angle  in 
this  ca se .  This  is na tu ra l :  T h e r e  is no i so la t ed  d i r ec t ion  in this  p r o b l e m .  Here  

~,VI~ = v ~.-'/* 
c~ ' k~ = e~ -1 

F o r  1 A  < k < k  i the power  s p e c t r u m  H(k) is s i m i l a r  to (1.18), fo r  ki < k<  k 2 it is s i m i l a r  to (1.19) and 
fo r  k > k 2 to (1.20) o 

The r o o t - m e a n - s q u a r e  value  of the pu l sa t ions  is 

Thus ,  the a s s e r t i o n  p r e s e n t e d  above about  the s m a l l n e s s  of  the pu l sa t ions  upon compl i ance  with (2.2) 
is suppor ted .  
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In conclusion, the author  is grateful  to R. Z. Sagdeev for discussing the resu l t s  obtained at a seminar .  
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